Theorem 1 Let S be a non-empty set of primes. There is a profinite group G with the following properties:
(1) G is topologically perfect, i.e. G = G ′ ; In a positive direction, we have Remark. If we assume that G has only finitely many abstract subgroups of each finite index, then these are indeed all open. In fact it is shown in [SW2] that for a profinite group, the following three conditions are equivalent:
• every finite-index subgroup is open,
• for each n there are only finitely many subgroups of index n,
• for each n there are only countably many subgroups of index n.
I will use the following notation. For subset X of a group,
For a group word w on k variables,
w , and infinite width if this holds for no finite f . We recall that in a profinite group G, the subgroup w(G) is closed if and only if w has finite width in G; this holds if and only if w has bounded width in all the finite quotients G/N with N open and normal in G (see [S] , Section 4.1).
We need a slight generalization:
Lemma 1 Let G be a profinite group and w a word. If w(G) has finite index in its closure w(G) then w has finite width in G, and so w(G) = w(G).
where X n = G * n w , an ascending union. Baire's Category Theorem now shows that X n T contains a non-empty open subset U of H, for some n. In turn U ⊇ N h for some open normal subgroup N of H and some h ∈ H. It follows that H = X n Y for some finite set Y and then w(G) = X n (Y ∩w(G)) ⊆ X n X n ′ = X n+n ′ for some n ′ . Thus w has width n + n ′ in G. (A slight modification to the argument shows that in fact w(G)/w(G) must be either trivial or uncountable.)
The key to Theorem 1 is the following construction due to Derek Holt:
2) Let q > 3 be a power of a prime p, and let r ∈ N. Then there is a perfect finite group
A crude estimate (using the fact that |H| < q 3 ) then yields f > r/12. Now let (q n = p en n ) be a strictly increasing sequence of prime powers exceeding 3, such that every prime in S occurs infinitely often among the p n , and every p n is in S. I claim that the profinite group
(1) is clear. (2) We have
Given m, there exists s such that H n = H m n for all n > s, and then
Every open subgroup of index k contains G m where m = k!, so the number of such subgroups is finite.
(3) If m is coprime to S then every element of P n is an mth power, for each n. By [MZ] , [SW] , every element of H n is a product of k = k(m) mth powers provided n > s (s as above; the result quoted refers to simple groups, but easily extends to SL 2 (F q ) since −1 is a square in this group). The set G * (k+1) {m} is closed and contains K n for each n > s; consequently
The second claim is then clear.
(4) The word w = [x, y]z p does not have width n in K n whenever p n = p; as this occurs for infinitely many values of n it follows that w has infinite width in G. Now Lemma 1 shows that w(G) = G ′ G p has infinite index in w(G) = G. The final claim is then immediate (a group of order p can't be perfect!).
(5) Of course (1) and (4) [S] , Section 3.2. We take
Then [x, y] has infinite width in Q, so Q ′ is not closed. Now let m ∈ N. Then M p = (M p ) {m} for every prime p not dividing m. It follows that
Every subgroup of index k in Q contains Q m where m = k!, so the number of such subgroups is finite. Now we turn to Theorem 2. This is a generalization of the positive solution to the restricted Burnside problem, and the proof is essentially the same. Write s n (G) to denote the number of subgroups of index at most n in a finite group G. Then Theorem 2 will follow if we establish Theorem 3 Let f : N → N be a function and let m ∈ N. If G is a finite group such that G m = 1 and s n (G) ≤ f (n) for all n then |G| ≤ ν(m, f ), a number depending only on f and m.
From now on, all groups will be finite. Let us define the height of G to be the minimal length h(G) of a chain of normal subgroups 1 = G 0 < G 1 < . . . < G n = G such that each factor G i /G i−1 is either nilpotent or semisimple; a semisimple group is a direct product of non-abelian simple groups.
Theorem 4 (Hall and Higman)
This follows from Theorem A and (the proof of) Theorem 4.4.1 in [HH] , together with the fact (not yet proved in 1956) that Out(S) is soluble of derived length at most 3 whenever S is a non-abelian finite simple group (see [GLS] , sections 7.1 and 2.5). An explicit function η is easily obtained by following through the Hall-Higman argument. Now let G be a group satisfying the hypotheses of Theorem 3.
Case 1. Suppose that |G| = p e for some prime p, and that
. Now G can be generated by d elements, and then Zelmanov's theorem [Z1] , [Z2] gives |G| ≤ β(δ(p), m), a number depending only on f (p) and m. 
Case 3. Suppose that G is semisimple. The result of [J] , with CFSG, shows that there are only finitely many non-abelian simple groups S such that S m = 1; call them S 1 , . . . , S k and put
So far, we have shown that if h(G) = 1 then
say. Now let q > 1 and suppose inductively that for each h < q, and every function g, we have found a number ν h (m, g) such that for any group H satisfying h(H) ≤ h, H m = 1 and s n (H) ≤ g(n) for all n we have |H| ≤ ν h (m, g). Define ν q (m, f ) = ν 1 (m, f ) · ν q−1 (m, g m,f ) where g m,f (n) = f (n.ν 1 (m, f )). Suppose that G with G m = 1 satifies s n (G) ≤ f (n) for all n and that h(G) ≤ q. Thus G has a normal subgroup H with h(H) ≤ q − 1 such that G/H is either nilpotent or semisimple. Then |G/H| ≤ ν 1 (m, f ), and so for each n we have s n (H) ≤ s n.ν1(m,f ) (G) ≤ g m,f (n).
Therefore |H| ≤ ν q−1 (m, g m,f ), whence |G| = |H| |G/H| ≤ ν q (m, f ).
Finally, set ν(m, f ) = ν η(m) (m, f ).
If G satisfies the hypotheses of Theorem 3 then h(G) ≤ η(m) by Theorem 4 and so |G| ≤ ν(m, f ) as required.
